Abstract-We examine the equilibrium morphologies of precipitates with either a tetragonal or purely dilatational misfit in an elastically anisotropic medium with cubic symmetry under conditions of plane strain. We find that particles with a dilatational misfit are nearly spherical at " "Les, take on four-fold symmetric shapes at intermediate sizes and then undergo a supercritical s-breaking bifurcation to two-fold symmetric shapes aligned along the elastically soft directions of the crystal. A tetragonal misfit breaks this four-fold to two-fold supercritical bifurcation when the direction of the tetragonality is coincident with one of the elastically soft directions of the crystal. Such a tetragonal misfit can lead to two-fold equilibrium particle shapes which are local energy minima, or metastable, and in some cases have large negative interfacial curvatures. When the tetragonality is not in an elastically soft direction, the supercritical bifurcation is not broken and the particles can take on unusual diamond-like or S-shaped morphologies.
INTRODUCTION
In the aLllRce of elastic stress, the factors influencing the equilibrium shape of a second-phase particle embedded in a matrix are well understood. In this case the equilibrium morphology of a particle is established solely by the interfacial energy and its dependence on crystallographic orientation. Specifically, the equilibrium shape can be found by minimizing the total interfacial energy subject to the constraint of constant particle volume. The properties of this variational problem have been explored quite thoroughly, and have been placed on a rigorous mathematical footing by Taylor [L] and Fonseca [2] . It is possible to snow that the particle shape which minimizes the total interfacial energy must be convex and is independent of the size of the particle [3, 4] . In addition, for a given dependence of the interfacial energy on crystallographic orientation the particle shape which yields a global energy minimum is the one provided by the Wulff construction and it is unique [4] , although there can be many interfacial energy functions which yield the same Wulff shape [5, 61. In contrast, the influence of elastic stress on the equilibrium shape of a particle has not received as much attention and has been recently reviewed [7] . In the majority of the theoretical work on the effects of elastic stress on the shape of a misfitting particle it has been assumed that the particle shape will be that which minimizes the elastic energy within a fixed class of geometric shapes, usually ellipsoids, cubes or plates . While these elastic energy minimization approaches have been successful in predicting such properties as the habit planes of plate-like precipitates [lo] , it is clear that the particle shapes observed experimentally can be quite different from any one of these shapes. Adding the interfacial energy to these elastic energy calculations provides a more realistic description of the particle shape. In this case the interfacial energy can establish the eccentricity of an ellipsoidal particle of a certain size [14, 151 or provide the possible sequence of particle shapes during particle splitting in elastically stressed solids [9] . These calculations have also shown that elastic stress can induce particle shape bifurcations [14, 151 . The importance of this discovery will become clear in the work described herein. The major drawbpck of these. calculations, however, is that once the interfacial energy is added to the problem, these simple goometric shapes are no longer equilibrium s h a m it can be shown that the chemical or diffusion potential is nonuniform in a system with such particles [16] . Thus, searching for an energy minimum within this restricted class of geometric shapes is, in essence, finding a form of constrained equilibrium. As the effects of these constraints are unclear, it is necessary to consider the equilibrium shape problem in the broader context of arbitrarily shaped particles. : Three approaches have been used in an effort to investigate the evolution of arbitrarily shaped misfitting particles: a W s e interface model wherein a Cahn-Hilliard-like equation [17] , o r its discrete analogue [18] , is used to describe the temporal evolution of the concentration field, a model which breaks a particle into elementary cubes and then considers the energy changes associated with =arrangements of these cubes [19, 20] , and finally a
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continuum, sharp interface model where the particle evolves by diffusion of mass [21] . While most of these calculations have concentrated on the dynamics of the single or multi-particle evolution process, it is clear from each study that elastic stress can alter the equilibrium particle shape from that which minimizes the surface energy.
To further elucidate the effects of elastic stress on particle morphology, we have determined the equilibrium shape of particles with dilatational or tetragonal misfits in systems with the cubic anisotropic elastic constants of either nickel or zirconia. We have searched for particle shapes which guarantee that the diffusion potential in the syis unifarrn at all points, and thus do not constrain the particles to be within any class of simple geometric shapes. We employ bifurcation tracking methods to determine if the shapes are energy minima or maxima, as well as to ensure that we have located all of the connected families of equilibrium particle shapes for a given set of parameters. In addition, as the theory is framed in the context of macroscopically measurable quantities, it is possible to suggest a new method for determining the interfacial energy of a coherent interface which does not require measurement of the coarsening kinetics of a two-phase mixture.
THERMODYNAMICS
The variational problem governing the equilibrium shape of an isolated particle and the connection between this variational principle and the thermodynamics of stressed solids developed by others 122-261 has been established in the work of Gurtin and Voorhees [27] . Here we state the results of their work as it forms the basis of the numerical method we have employed to determine the equilibrium shape of a particle.
For small deviations about a natural state, the equilibrium state wherein the interface between the particle and matrix is flat and both phases are stress-free, it is reasonable to approximate the grand canonical free energy density of both matrix, a, and particle, fl, as a linear function of the deviation of the diffusion potential from that state and a quadratic function of the strain. Thus, the elastic energy density, W(E -&), is given by and the following constitutive law for the stress, T, holds
where E is the total strain tensor, C is the elastic constant tensor, and E, is the strain tensor of each phase relative to their natural states. Choosing stressfree a as the reference state for strain, E,, is given by 0 x i n a ET x i n f l ET is the stress-free transformation strain or eigenstrain, and x is a position vector. Under this choice forathe canonical 4ue
.energy, the lattice parameter of each phase is not a function of composition, and by neglecting the interfacial excess stress, the equilibrium shape of a particle is given by an extremum in the total energy of the system, 8, where
along with the requirements that.
where R is the two-phase system which iscomposed of an infinite matrix of a and a single precipitate of fl, T* is the applied stress on the boundary of R, S is the surface of the particle, u (n) is the interfacial energy, n I is the normal to the particle interface pointing from fl to a, M is difference between the value of the diffusion potential in the system with the misfitting particle and the constant value of the diffusion potential in the natural state and VBis the volume of the particle. The first two requirements are simply those of chemical and elastic equilibrium, respectively. The value of the constant diffusion potential present in a system which extremizes the energy 8 is given by the value of M at the particle-matrix interface [27] , along with the constraint equation (2.7), where A = pp -p l , p is the mass density in the designated phase, [4]1= 4 -4 "for a quantity 4 at theinterface, div, is the surface divergence operator, and C is the <-vector of Cahn and Hoffman (28, 291 . Since all of the quantities appearing in equation (2.8) are evaluated at b e interface, equ&n (2.8) with M chosen to be a constant can be u d to derive an equation for the equilibrium shape.
AN APPLICATION OF THE THERMODYNAMICS
We shall consider a system with a cubic e l a s h rnisotropy, equal elastic constants between the . wrticle and matrix, no externally applied stress, and , 1 energy. The particle will be taken as infinite in the [001] direction such that the system is in a state of plane strain. The only source of stress will be the stress-free transformation strain For a system with a purely dilatational misfit c ' = c.
The equation for the equilibrium shape
As we are interested in the effects of elastic stress on the equilibrium shape of a particle, it is advantageous to choose energy and length scales which allow the equilibrium shape of a body to be computed easily in the absence of stress. We will thus scale the energy of the system by a characteristic interfacial energy, a12, where I is the characteristic size of a particle defined by the relationship a p = A 8/1 2, A 8 is the dimensional area of the particle in the (001) plane, and a is the dimensionless area of the particle which is chosen to be x. The stress will be scaled by C,c, where CC1 is one of the three independent elastic constants in a cubic system, and the strains will be scaled by c. These scalings for stress and strain imply that C,cZ scales the elastic energy density.
Using these scalings and aforementioned assump- the surface of the particle becomes simply the total arc length of a particle because we have assumed that the interfacial energy is independent of orientation and the particle is infinite in the (0011 direction. Due to the plane strain nature of the elastic field, only an integration over the (001) plane is necessary to determine the elastic energy. The parameter L indicates the relative contributions of elastic and interfacial energy to the total energy of the system. As L cc I it is clear that as the particle increases in size, the effects of the I elastic stress on the equilibrium shape become more important. However, as L is composed of a collection of materials parameters more than simply the size of a particle is crucial in determining the influence of elastic energy. The equation for the diffusion potential at the interface, equation (2.8) , becomes where m is the dimensionless diffusion potential, m = MAllo, and K is the dimensionless mean curvature of the interface taken to be positive for a spherical particle of fl. In deriving equation (3.4) we have used the result that div,g = o y , where T is the dimensional mean curvature, when the interfacial energy is isotropic. The value of the constant diffusion potential for an energy-extremizing shape is set by the magnitude of the dimensionless area of the particle.
The expression for the diffusion potential at the interface can be used to derive an equation for the equilibrium shape of a particle only if the strain in the a and /? phases at the interface can be expressed as a function of the shape of the particle. This requires a method of solving for the elastic field surrounding an arbitrarily shaped misfitting particle in an elastically anisotropic medium that does not require integrations over the bulk phases. Thus, the objective is to map the entire elastic problem onto the interface of the particle. A method to accomplish this has been developed previously [21] and here we state only the key results and modifications of the a p proach necessary to determine the interfacial stress field for a tetragonally misfitting particle.
The elastic field at any point in the system can be represented as an integral only over the interface [30] u,,k(x) = (CYII + cin2cr) gUsk(x, x')n; dr' (3.5) where s ' is the arc length along the interface, g, are the dimensionless components of the elastic Green's function tensor, c = C/C,,, uj are the dirnensionless components of the' displacement vector measured with respect to the reference state of stress-free a, and x and x'(sl) locate field and interfacial points, respectively, in the (x,,x2), or (OOl), plane. Summation over repeated indices from 1 to 3 is assumed and the commas denote ~a r t i a l differentiations with respect to the noted index. The elastic field and the total strain field follow from the definitions given in the previous section and the relation To avoid using numerical quadratwes or Fourier transforms to evaluate the Green's function at each point on the interface, we employ an effectively analytic form for the plane strain Green's function developed by Stroh [21, 311 .
The value of the displacement gradient at the particle-matrix interface in the a phase, u,',, and in the /?phase, uffl, at a point s O can be found by talking the limit x + x' in equation (3.5) . Following the method described previously [21] , the displacement gradients are given by [21]. In equation (3.7) both x and x' are on the interface and thus the integral must be interpreted as a principle value integral. The jump in the displacement gradient is given by where performing integrations of the displacement gradients only over the interface of the particle. This is particu-# larly advantageous because the integration will be one-dimensional over a periodic domain and thus we can use a spectrally accurate trapezoidal quadrature to evaluate the integral.
Eshelby showed that for a system consisting of an isolated particle in an infinite matrix with no applied stress at infinity equation Using this form for the displacement gradient at the interface in equation (3.6), and using equation (2.2) in equation (3.4) yields an integrodifferential equation for the shape of a particle which extremizes Q where eT is the stress-free transformation strain given in equation (3.3) and c is the cubically anisotropic elastic constant tensor. This equation must be solved subjet to the constraint of constant particle area to determine the particle shape which extremizes the total energy of the system. The transformation displacement for the transformation strain given in equation (3.3) is found by equating each diagonal component of the two tensors, equation (3.6) and (3.3). and integrating to a obtain where f (x,) and g ( x , ) are unknown functions. Since e: = 0 for i f j and using equation (3.15) we find As neither rigid body translations nor rotations alter the elastic energy of the system, we assume, with no loss of generality, that uTJ -uz, = 0 thus, Combining equations (3.1 6) and (3.1 7) restricts f and g to being constants. As elasticity theory permits displacement components to vary by constant values without affecting either the stress and strain fields or the elastic energy, we take both constants f and g to be zero. Thus, the components of the transformation displacement are given by Using equation (3.18) in equation (3.14) and the stress tensor calculated in the manner described above, it is possible to compute the total elastic energy of the system via one-dimensional integration.
Numerical method
Equation (3.10) is a nonlinear integrodifferential I equation which, for L -0 (I), requires a numerical method to find a solution. As the only unknown in equation (3.10) is the shape of the interface x(s), the dimensionality of the problem has been effectively reduced by one. Therefore, it is possible to attain very good numerical resolution of the shape of the particle which extremizes the energy of the system by solving equation (3.10) . In addition, we employ spectrally accurate interpolation and quadrature schemes to determine m at a point on the interface. This scheme ensures that the error introduced by the discretization decreases exponentially with the number of points used along the interface.
We shall modify the spectral interpolation approach used by Brush et al. [33] to the case of a closed two-dimensional contour with continuous curvature as a function of the arc length s. We shall not make any assumption on the symmetry of the particle, and thus express the curvature of the particle as a general complex Fourier series of the form where C = s/sT is the normalized arc length, and the Fourier coefficients, a,, are complex with real and imaginary parts given by, a: and af, respectively. The 4 tangent angle to the interface, #((), as measured from the x, axis, may be determined by integrating the following identity and using equation (3.19) along with the identity a _ , = a : for real quantities to yield,
The reference point on the contour from which arc length is measured will be taken as a point where the tangent angle is zero and thus 4 (0) = 0. Further, the value of the tangent angle is taken to range from 0 to 2n SO that, for a closed contour, 4 (1) = 4 (0) + 2n.
Applying this relation to equation (3.21) gives the following which determines the total arc length of the contour in terms of the initial Fourier coefficient in the expansion for the interfacial curvature. As 4(() can be determined from a,, cos 4(C) and sin # ( t ) can also be represented as a Fourier series 
where x (0) and y (0) are set to zero. This selection of x(0) and y (0) is valid as it simply places the origin of the coordinate system at a point on the contour where 4 (0) = 0.
The energy extremizing particle shape is determined by finding that shape which gives a constant diffusion potential in the system. The value of this constant dimensionless diffusion potential, for a particular particle shape, is a function of the dimensionless particle size. Thus, it is also necessary to determine the dimensionless area of the particle, a #, from an interpolation of the interfacial curvature as a function of arc length, i.e. which, upon inserting equation (3.27 ) and the deriva-librium value, and a{ is the constant area of which tive of equation (3.28) Thus the area of the particle may be determined to the same accuracy as the interfacial coordinate representation without resorting to a numerical integration scheme over discrete points.
The above spectral interpolation scheme provides the curvature of the interface and the coordinates of the interface as a function of the arc length. Given the shape of the particle, the remaining quantities to be computed are pU. These principal value integrals are calculated using a trapezoidal rule over an alternating mesh. Using this technique it is possible to straddle the Cauchy singularity in the integrand and still maintain a spectral convergence rate [21, 34, 35] .
To determine the shape which extremizes the energy of the system numerically, the integrodifferential equation specifying the diffusion potential is evaluated at N equally spaced points in arclength along the interface. This yields N nonlinear equations for m at each point. The infinite series defining the mean curvature is then truncated at n = N/2 yielding N Fourier coefficients to be determined,
The values of a I , and a lNI2 are zero as the curvature is a real quantity. These N Fourier coefficients form a vector, a, which, upon solution of the nonlinear system, gives the energy extremizing shape. In addition to the N unknown Fourier coefficients, the value of the constant diffusion potential is an unknown, and thus we augment the N nonlinear diffusion potential equations by the area constraint, equation (3.30) . This (N + 1) x (N + 1) nonlinear system is then solved using Newton's method to give the shape which yields a constant value of m at each point on the interface.
Continuation, bifurcations and stability
We follow a particular solution family by using the particle shape at a lower value of the parameter of interest, usually L, as an initial guess for the Newton's method program. This method of continuation may be used to map an entire solution family as a function of a system parameter. For a given particle shape denoted by a set of N Fourier coefficients, a, we evaluate the diffusion potential at each point on the interface, as given by equation If two solution families intersect for a given value of L then slightly away from this point there must exist two solutions, a f and a,'. In the region near the intersection, the value of g,(a,2) may be approximated as Applying equation (3.33) to (3.34) yields the following expression which specifies the condition necessary for the intersection of two solution families
Neglecting the trivial solution, a ! = a I, this equation is satisfied if and only if the determinant of the Jacobian matrix equals zero. This requires that an eigenvalue of the matrix is also zero and the corresponding eigenvector, a', is simply given by a' = a I -a ! .
While tracking a solution family, the eigenvalues of the Jacobian of the nonlinear system are monitored as L is varied. If an eigenvalue passes through zero, a bifurcation point or a turning point has been encountered and there will be two or more shapes satisfying equation (3.33) at a given value of L. If the eigenvector corresponding to the zero eigenvalue possesses the same symmetry as the initial solution family, then a turning point has been reached. A bifurcation point is identified by an eigenvector possessing a different symmetry than the initial solution.
The new solution family can be tracked by perturbing a member of the initial solution family at a slightly higher or lower value of L with the eigenvector corresponding to the eigenvalue which has passed through zero. Thus for L near the bifurcation point we write 4 a: = a ! + €a' (3.36) where a : is the vector defining the new shape which is present past the bifurcation point, a f. is the vector defining the initial shape, and 6 is a small parameter, typically chosen to be +loA2. Since the nonlinear system is not based upon an expression for the first derivative of the energy of the system, the signs of the eigenvalues do not indicate if a solution is an energy minimum or maximum. Thus, to determine the stability of each solution family, we must employ a different technique.
The total energy of the system is given by equation (3.2) and is a function of the vector, a. As the particle is constrained to be of constant area, the morphologies which extremize the total energy must be
where the variable conjugate to the area is the diffusion potential m. Particle shapes which extremize the energy thus satisfy the system for i = 1, . . ., N + 1. The set of equations represented by equation (3.38) may be used to determine the particle shape and diffusion potential which extremizes the energy of the system. However, the method described previously, involving the solution of equation (3.10) , is preferred as equation (3.38) requires many numerical evaluations of secondderivatives of the energy in order to solve the system. Equation (3.38) is useful, however, in determining the stability of the solutions provided by equation (3.10).
.
The stability of the extrema may be determined from the eigenvalues of the Hessian matrix resulting from the second derivative of the energy, h (a, m). Using equation (3.37) , the Hessian matrix, Hij, is given by
The eigenvectors corresponding to positive eigenvalues of H, denote perturbations which lead to an increase in system energy while eigenvectors corresponding to negative eigenvalues represent perturbations which reduce the total energy of the system. Thus, we can only determine relative energy extrema through this approach. If multiple energy minima are present, the absolute energy minimum can be determined simply by calculating e directly for each a,.
RESULTS
In all of the results to follow the sides of the boxes used to display the equilibrium shapes will always be oriented such that they are along the [loo] and [OlO] directions. In all of the bifurcation diagrams, dashed lines will denote energy maxima and solid lines will indicate energy minima. Occasionally, an eigenvalue would pass through zero whose eigenvector would correspond to an interface which was not closed. This is possible as certain combinations of the Fourier coefficients used in the expansion for the curvature produce open bodies. As these shapes are simply a result of our interpolation scheme (they disappeared when a cubic spline interpolation was used in the calculation) we ignored such bifurcations. In addition, a positive eigenvalue on the order of the numerical accuracy was frequently present which corresponded to an eigenvector possessing only an term. This eigenvector yields a perturbation of the form cos(nlr), where n is the integer denoting the mesh point of interest. This is an instability on the scale of the mesh and is the well-known sawtooth instability common to numerical boundary integral methods [36] . As this instability is numerical in nature, we neglected this positive eigenvalue.
Here we consider a system with the elastic anisotropy ratio of Ni, A, = 2.52. Thus, the elastically soft directions of the crystal are (100). The precipitate has a purely dilatational misfit with the matrix.
The equilibrium shape at L = 0 is a circle. If we use this shape as an initial guess for a nonzero value of L we can access the family of four-fold symmetric shapes shown in Fig. 1 . Evident is the progression of particle shapes as L increases from the interfacial energy minimizing circle to square-like shapes which reflect the four-fold anisotropy of the elastic constants. The particles have regions ~f high curvature along the elastically hard (1 10) directions and regions of low curvature along the (loo), where () denotes all the symmetry-equivalent crystallographic directions in the (001) plane, For L 2 2 5 the curvature of the interface is negative near the centers of the particle sides. Since L -I, as a particle increases its size, for a given two-phase system, the energy extremizing shape will change. To illustrate this size dependence of the four-fold symmetric energy extremizing shapes, Fig. 2 shows nondimensionalized versions of these energy extremizing shapes for various L, relative to the size of a particle with L = 1.
Thus, one might expect to find that the shape of a particle will change smoothly along this family of four-fold symmetric shapes as its size increases.
However, as L increases an eigenvalue of the Jacobian passes through zero at L = 5.6. Above this critical value of L we find 'the two-fold symmetric shapes shown in Fig. 3 . In this case the long axis of the particles are aligned along the elastically soft [I001 direction. However, if slightly past the bifurcation point we change the sign of 6 in equation (3.36) we find two-fold shapes oriented along the [OIO] direction. These two-fold particle shapes no longer conform to the four-fold anisotropy of the elastic constants. While they possess the symmetry of a plate, they are definitely not plates as the curvature of the sides of the particles is positive and the corners are rounded. This reflects the influence of the interfacial energy on the equilibrium shape. However, as L increases, the equilibrium shapes appear to be approaching the elastic energy minimizing shape of an infinitely long, infinitesimally thin plate oriented along one of the elastically soft (100) directions [26,37].
The passage of an eigenvalue through zero denotes the possibility of a shape bifurcation. By computing the eigenvalues of the Hessian at various values of L for the energy extremizing four-fold shapes, we find that four-fold shapes are energy minima for L < 5.6
and energy maxima for L > 5.6. A similar analysis shows that the two-fold shapes are energy minima for L > 5.6. We can classify each family of solutions by its value of a F, one component of the vector a of Fourier coefficients which define a particle shape. By plotting a as a function of L for both families of solutions we obtain the bifurcation diagram shown in Fig. 4 . In addition, we find that four-fold shapes are only unstable to two-fold perturbations in their shape for 5.6 < L < 26, indicating that these four-fold shapes are stable with respect to interfacial perturbations which would lead to splitting.
The total interfacial energy of the four-fold symmetric shapes is clearly lower than that of the two-fold symmetric shapes, see the particles at L = 10 in Fig. 4 . However, the two-fold shapes are the total energy minimum. Thus, the elastic energy must be playing an important role in selecting the equilibrium shape. To investigate the reason behind the appearance of the symmetry breaking two-fold shapes we examine the total elastic energy density as a function ' of position. It is also instructive to decompose the elastic energy density, w, into its deviatoric, w,,, and hydrostatic, w, , components given by, where t' and e' are the deviatoric stress and strain tensors, respectively, p is the hydrostatic pressure, and d is the hydrostatic strain. Thus the elastic energy density, w , is given by the sum of w, and w,, each of which reflects different types of deformation. wh measures the energy required to dilate the lattice while w, measures the energy required to alter the shape of the lattice, since tr(el) = 0. Figures 5 and 6 show w, w,, and w, as functions of position in the [loo] direction along the lines illustrated for the four-fold and two-fold shapes, respectively. In both cases, the matrix is in a state of nearly pure distortion, and the hydrostatic energy density as a function of position is nearly independent of the particle shape along this direction. However, for the four-fold shapes the deviatoric energy density is quite large in the matrix near the interface and quite low within the particle. In contrast, there is no rapid rise in the deviatoric energy density near the interface of the two-fold particle and a much larger. but nearly uniform, deviatoric energy density within the particle. Thus, the transition from a four-fold to a two-fold shape is driven by the decrease in the large deviatoric energy density in the matrix near the interface of the four-fold particle. As the deviatoric energy density of a fluid at equilibrium is always zero, one would not expect to see such shape transitions in fluids or hydrostatically stressed solids.
A, > I, 6 ' # J
Here we employ the same elastic anisotropy as was used previously, A, = 2.52, and add a tetragonal misfit along the [OlO] direction. We first examine the case of a small tetragonal misfit, f r = 1.05, corresponding to a lattice parameter of the precipitate which is 5% larger in the [OlO] direction than in the [loo] direction. Even though the degree of tetragonality is small, this changes dramatically the structure of the bifurcation diagram. Figure 7 shows that the addition of a small amount of tetragonality acts as an imperfection to the bifurcation seen previously for a purely dilatational misfit. Now one never observes four-fold symmetric shapes, as the tetragonality introduces a two-fold symmetry for any nonzero value of L. For small L, the particle is Fig. 7 . Bifurcation diagram for a tetragonally misfitting particle with c ' = 1.05.
THOMPSON et a/.: EQUILIBRIUM SHAPE OF A MISFIlTING PRECIPITATE 2117 elongated in the direction perpendicular to that with the larger misfit, and thus there is a family of particle shapes emanating from the origin with a $ < 0. Above L = 8.0, we find three distinct families of two-fold energy extremizing shapes: particles oriented along [I001 and [OIO] , which are energy minima, and a family of energy maximizing shapes which separate these two energy minima. These two families of two-fold energy minimizing shapes are not symmetryrelated variants as the two-fold shape oriented along [OIO] is a relative energy minimum and the two-fold shape oriented along [loo] is an absolute energy minimum. Thus, the family of shapes for which a , R < 0 is always the global energy minimum. There is also a turning point in the bifurcation diagram, implying that two-fold shapes oriented parallel to the direction of tetragonality cannot exist below the value of L at the turning point, L = 8.0.
The difference between the two energy minimizing shapes becomes more evident at higher values of tetragonality. To illustrate, we have fixed L at 20, increased the tetragonality parameter. and determined the energy minimizing particle shapes. This is.
in essence, adding a third dimension, t ' , to the bifurcation diagram shown in Fig. 7 . Figure 8 shows the energy minimizing shapes for various t ' at L = 20. The two particle shapes shown in Fig. 8(a)  and 8(b) correspond to the uppermost family of solutions shown in the bifurcation diagram of Fig. 7 and thus are relative energy minima, whereas the particle shapes shown in Fig. 8(c) and 8(d) are the absolute energy minima. The difference in morphology between the energy minimizing particle shapes oriented along [I001 and [OIO] is clear. At 6 ' = 1.1 both particle shapes are convex, with the particle oriented along [010] having flatter sides and ends than the particle oriented along [loo] . However, at t r = 1.25, the particle oriented along [010] is no longer convex and has large negative curvature along the sides of the particle as s h~w n in Fig. 9 . As this hourglass-like particle shape is an energy minimum, it is clear that the equilibrium shape of a misfitting particle can be nonconvex. When t ' 2 1.25, the turning point evident in Fig. 7 is encountered and the solution family of relative energy minimizing shapes merges with the energy maximizing shapes and thus ceases to exist. This implies that at this value of L there can be only one equilibrium shape if the degree of tetragonality exceeds 1.25. In contrast to the particle shapes which are relative energy minima, particles aligned along [loo] become longer and thinner as € ' increases. In addition, the length of the ends of the particles become smaller, and the average curvature of the sides of the particle increases.
Here we determine the energy extremizing shapes of a particle with a dilatational misfit in a system where the elastically soft directions of the crystal are < 1 10). We have chosen the anisotropy ratio of 21-0,.
A, = 0.4. We obtain the bifurcation diagram shown in Fig. 10 . We now use the value of a : to characterize a solution family in order to more clearly show the symmetries involved in the particle shape bifurcations. As in the case of Ni, we see both four-fold Using the elastic constant anisotropy ratio of particle shapes in (a) and (b) are relative energy minima ZrOz, when a tetragonal distortion along the [o~o] while (c) and (d) are absolute energy minima. direction is added, t ' = 1.37, the bifurcation diagram shown in Fig. 1 1 is obtained. In contrast to the case where A, > 1, the addition of a tetragonal misfit does not break the supercritical bifurcation observed for the case of a dilatational misfit. This is because when A, < 1, the direction of the tetragonal misfit is not aligned with an elastically soft direction of the crystal. Thus, the presence of a tetragonal misfit does not favor one two-fold variant over the other, as was the case for A, > 1, and the shape bifurcation remains supercritical. The two energy minimizing particle shapes present above the bifurcation point are symmetry related variants. The presence of a tetragonal misfit, however, does move the location of the bifurcation point to lower values of L. A tetragonal misfit also alters the particle shapes from the simple four-fold and two-fold shapes shown in Fig. 10 , see Fig. 12 . In this case the presence of a tetragonal misfit causes the four-fold shapes shown in Fig. 10 to elongate along [loo], as happened previously for A,> 1. Rather than taking on plate-like shapes, however, the particles become two-fold diamond-like shapes. In addition, the two-fold shapes shown in Fig. I I which exist past the bifurcation point tend to fold over near their ends. This folding is most obvious for the particle wrth L = 5, Fig. 12(c) , where there is a small region of negative curvature near the ends of the particle. This folding is due to the competition between the tetragonality driving the particle to elongate along [I001 and the elastic constant aqisotropy which forces the particle to elongate along ( I 10). Since these S-like shaped particles appear above the bifurcation point, they are energy minima.
DISCUSSION
We have shown that there is a marked difference between the equilibrium particle shape problem in the absence of elastic stress and that in the presence of stress. The equation defining the equilibrium shape changes from a purely differential equation for L = 0 to an integrodifferential equation for L #O, see equation (3.10) . The integral nature of the defining equation reflects the long-ranged nature of the elastic stress; it is not possible to determine the value of the diffusion potential at a point on the interface until the entire shape of the particle is known. In contrast to the classical surface energy minimizing shapes, we find that the equilibrium shape is a function of the particle size, see also [18, 21] , can be nonunique for a given set of thennophysical parameters, and can be nonconvex. The presence of such nonconvex equilibrium shapes illustrates the importance of not constraining the particles to be of a certain shape when determining the equilibrium morphologies of Depending on the parameters, we find that super-(b) L = 2.5 and (c) L = 5. critical particle-shape bifurcations are possible.
THOMPSON er a/.: EQUILIBRIUM SHAPE OF A MISFITTING PRECIPITATE Supercritical particle-shape bifurcations have been found previously by assuming that the particle morphology is in a class of simple geometric shapes [14, 151. While it is encouraging that the presence of these supercritical bifurcations is not destroyed when considering particles with an equilibrium shape, it is not clear that such qualitative similarities between constrained and unconstrained particle shape calculations will exist in other situations. These supercritical bifurcations, or second-order transitions in phase transition language, imply a continuous change in particle morphology from a four-fold shape to a two-fold shape as L is varied. In addition, the presence of such a bifurcation implies that the four-fold family of shapes is unstable above the bifurcation point and there is no metastability. When the tetragonal misfit is aligned along one of the elastically soft directions of the crystal, the supercritical bifurcation present for a dilatational misfit is broken. The broken bifurcation shown in Fig. 7 implies that a particle can undergo a discontinuous change in shape with a change in L. Consider the evolution of a two-fold symmetric particle oriented in the [010] direction with a value of L exceeding 8. According to the bifurcation diagram if this particle were to shrink, as might happen during Ostwald ripening, the aspect ratio of the particle would decrease continuously until the turning point is reached, at which point the particle's morphology would change discontinuously to a two-fold shape aligned along the [loo] direction. In contrast, a particle which is growing from L = 0 may simply move through the lower family of particle shapes shown in Fig. 7 and elongate along the [loo] . In addition, the presence of a tetragonal misfit introduces metastable states, or relative energy minima. Thus, there can be more than one equilibrium particle shape for a given particle size and set of materials parameters.
Many of the particles shown in the figures exhibit negative interfacial curvature. However, in some of these cases such particles are unstable to other shapes. For example, in a system with a dilatational misfit for L 2 25 the four-fold shapes shown in Fig. 1 with negative interfacial curvature are unstable to the formation of particles with two-fold shapes. Nevertheless, we show two-examples where the equilibrium shapes can be nonconvex, see Fig. 8 and Fig. 12 . Misfitting particles with negative interfacial curvature have been observed experimentally in the Ni-A1 system 138,391 and in the Mg-stabilized Zr02 system [40] . Our results are inconsistent with the experiments in the Ni-A1 system for we predict that four-fold symmetric particles with negative interfacial curvature should be unstable with respect to the two-fold symmetric particles. This inconsistency may be due to the plane strain nature of our calculations. In contrast, our calculated particle shapes are qualitatively consistent with the S-shaped particles observed experimentally in Mg-stabilized ZrO, [40] , as well as those calculated in two-dimensions [41] . Thus, we suggest that these unusual S-shaped particles observed experimentally may nearly be equilibrium shapes, and not the result of multiparticle diffusional and elastic interactions. However, the quantitative difference between the particle shapes we calculate and those observed by Batemen and Notis and determined theoretically by Wang and Katchaturyan is likely due to the comparatively small value of c r used in our work. In Mg-stabilized Zr02, e = 34 instead of the 1.37 used herein.
It is clear from the experiments of Miyazaki et al. that elastic stress can induce a particle to split into smaller particles [39] . However, the method by which a particle splits is a matter of some controversy. Miyazaki suggested that a particle splits by the formation of the matrix phase within the particle. In contrast, the experiments of Kaufman et al. seem to suggest that the particle splits by the growth of interfacial perturbations. The recent experiments by Yoo and Yoon [42] , in which the three-dimensional 4 nature of the splitting process can be observed, support the idea that the splitting process begins by the amplification of interfacial perturbations. Theoretically, particle splitting by matrix phase nucleation was found to occur in the time dependent calculations of both Chen et al. [18] and McCormick et al. [20] . While our calculations will not permit the nucleation of the matrix phase within the particle, our results appear to contradict those of Chen et al., as they find that four-fold symmetric shapes with negative curvature are metastable and, past a critical particle size, are unstable to the formation of matrix phase within the particle. In contrast, we find that such four-fold particles with negative curvature are unstable to the formation of two-fold shapes. However, our results are qualitatively consistent with the energetic calculations of McCormick et al., where they predict that a plate is an energy minimum at smaller particle sizes than a square. Potentially important differences between our work and that of Chen er al. are that we do not allow the lattice parameter to vary with composition and thus their equilibrium particle shapes satisfy a different variational principle from the one shown in equation (3.2) [27], and we constrain the elastic field to be one of plane strain whereas they assume it to be twodimensional. It remains for future work to address the causes of the differences in our calculations. Nevertheless, since we find that the four-fold symmetric particles are stable to interfacial perturbations which would lead to splitting, at least to L = 26, the splitting process observed experimentally may be an inherently three-dimensional effect which is not describable within the context of a plane strain calculation.
Accurate techniques for measuring interfacial energies often balance the effects of capillarity against an external field. For example, when the gravitationally induced pressure gradient in a fluid is balanced by the pressure jump across a curved interface, the interfacial energy of a two-phase fluid interface can be measured by the well-known capillary rise or sessile drop technique. In solid-liquid systems, when the curvature dependence of the interfacial temperature is balanced against an applied temperature gradient, the profile of a grain boundary groove can yield an accurate measurement of the solid-liquid interfacial energy [43] . One factor leading to the success of both of these techniques is that these two-phase systems are at equilibrium. Unfortunately, such approaches are not possible in solid-solid systems, and thus in most cases interfacial energies of coherent interfaces have been determined through recourse to kinetic, and not equilibrium, measurements. Extracting accurate measurements of interfacial energies from, for example, measured coarsening kinetics can be quite difficult [44] . However, a field against which the . effects of interfacial energy can be balanced in a solid-solid system is the elastic stress field due to a particle-matrix misfit. Our calculations suggest that if it is possible to find a match between an experimentally measured particle shape and that calculated theoretically, one can deduce the value of L. Since the other thermophysical parameters appearing in L are usually known and the size of the particle can be determined, the value of the interfacial energy can be found from the expression for L. Another approach is to determine experimentally the particle size at which a supercritical shape bifurcation occurs. With knowledge of the experimentally measured critical particle size and the theoretically determined critical value of L at which the shape bifurcation should occur, one can again solve for the interfacial energy. However, there are some important factors which need to be considered: the particle of interest must be sufficiently isolated from the other particles in the system so that interparticle elastic and diffusional interactions are not important and the theoretical calculations must be three-dimensional. Of these, the most difficult to achieve may be the first, as shown by the recent results of Maheshwari and Ardell [45] .
CONCLUSIONS
We examined the equilibrium morphologies of precipitates with either a tetragonal or purely dilata-L tional misfit in an elastically anisotropic medium with cubic symmetry under conditions of plane strain. We find that: 1. For a system with a purely dilatational misfit, the equilibrium particle morphology changes smoothly from a circle to a four-fold symmetric shape and, at a critical value of L, bifurcates supercritically to two-fold symmetric shapes aligned along the elastically soft directions of the crystal. In addition, we find that all the four-fold symmetric shapes are stable with respect to interfacial perturbations which would lead to the experimentally observed particle splitting.
2. The presence of a tetragonal misfit acts as an imperfection to this supercritical bifurcation when the direction of tetragonality coincides with an elastically soft direction of the crystal.
At small values of L the tetragonal misfit causes the particle to elongate in a direction perpendicular to the tetragonality. At larger values of L equilibrium particle shapes exist which are local energy minima, or metastable, and may also be strongly nonconvex.
3. When the tetragonal misfit is not aligned along the elastically soft direction, the supercritical bifurcation reappears. Below the bifurcation point the particles take on a two-fold symrnetric diamond-like appearance whereas above the bifurcation point the particles are S-shaped, 4. It may be possible to determine the interfacial ' energy of a coherent interface by measuring the shape of a misfitting particle, or the critical particle size at which a particle shape bifurcation occurs.
